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Abstract. 

Explicit results for various quantum thermodynamic function (QTF) of a charged 
magneto-oscillator coupled to a heat bath at arbitrary temperature are demonstrated 
in this paper. Discernible expressions for different QTF in the two limits of very low 
and very high temperatures are presented for three popular heat bath models : Ohmic, 
single relaxation time and blackbody radiation. The central result is that the effect 
of magnetic field turns out to be important at low temperatures yet crucial at high 
temperatures. It is observed that the dissipation parameter, 7, and the cyclotron 
frequency, Wc, affect the decaying or rising behaviour of various QTF in just the 
opposite way to each other at low temperatures. In the high temperature regime, 
the effect of 7 is much pronounced than that of lOc- 
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1. Introduction 

The problem of a charged quantum particle in the presence of a constant magnetic field 
is of great interest in the field of quantum Hall effect [1], high temperature superconduc- 
tivity [2] , diamagnetism [HJ H] , plasma physics [5J , atomic physics [6J , two dimensional 
electronic systems [7j. The issue that we addres in this paper is what happens to the 
quantum thermodynamic functions (QTF) of a charged quantum particle in the presence 
of an external constant magnetic field when it is in contact with a dissipative quantum 
heat bath. This kind of analysis is related with the dissipative quantum mechanics, a 
subject that has seen a great attention through the work of Leggett and others [8|[9|fT0]. 
There are several approaches for the treatment of dissipative quantum systems. The 
most convensional approach is system plus reservoir point of view i.e. the system of 
interest is coupled linearly with the environment which is represented by a collection 
of harmonic oscillators [TT| 112]. Usually, one is interested in the dissipative subsystem 
and the reservoir variables are eliminated by projection operator or tracing procedure 
[13] . As a result of that, the reservoir enters only through few parameters. The results 
obtained from these kind of dissipative quantum systems are of great interest due to 
the recent widespread interest on the critical role of environmental effects in mesoscopic 
systems [HI [151 ESI [13 [Hji in fundamental quantum physics, and in quantum infor- 
mation [ini [201 ED [22]. In last few years, research on the open quantum systems has 
questioned about validity of fundamental laws of thermodynamics [231 [211 [25l [26] . These 
subtle issues are discussed in details by several authors [271 [23 [291 [30l [3ll [321 [331 [3^ - 
Here, our goal is not to survey all these subtle issues, but we focus on the effect of 
environment and the effect of magnetic field on various thermodynamic funtions such 
as free enrgy, entropy, internal energy, and specific heat of a charged oscillator. By this 
realistic calculations, one can make direct contact with experiment on low dimensional 
nanostructures and quantum dots ff]. 

Starting point of this paper is the famous Caldeira-Leggatt heat-bath model to 
incorporate the environmental effect in quantum and mesoscopic systems [HI [9] • This 
enables us to derive generalized quantum Langevin equation (GQLE) for the charged 
magneto-oscillator. Then, we use the previously derived result of Ford et al [35j for 
the free energy of a charged magneto-oscillator in an arbitrary heat bath in terms of 
a single integral involving generalized susceptibility coming up from the generalized 
quantum Langevin equation [361 EZ] • This enables us to derive the free energy of the 
model system at an arbitrary temperature. Using this generalized result, one can ob- 
tain free energy expression and other thermodynamic functions of the charged quantum 
magneto-oscillator for three popular heat bath models : Ohmic, single relaxation time 
and blackbody radiation heat bath or Quantum Electrodynamics (QED) model. 

Now, we need to verify in which way our results are new from the previous results 
in literature. Ford and O'Connell discussed about the quantum thermodynamic func- 
tions for an oscillator coupled to a heat bath [38]. In this paper, we extend the work 
of Ford and O'Connell to include the presence of an external static magnetic field. We 
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determine various quantum thermodynamic functions of the charged magneto-oscillator 
coupled to a heat bath. What we find that each term in the low temperature expansion 
of different QTF are added up by two additional magnetic field dependent terms. On 
the other hand, the inclusion of magnetic field in the problem is reflected in the two 
additional magnetic field dependent terms in each quantum thermodynamic function 
in the high temperature regime. In the low temperature regime, the magnetic field 
changes the qualitative behaviour as well as the quantitative values of different QTF for 
the charged magneto-oscillator from that of a free oscillator. In this low temperature 
regime, ujc and 7 affect deacaying or rising behaviour of various QTF in the opposite 
manner. It is seen that the effect of uJc is negligible in the high temperature regime. But, 
the effect of 7 is still crucial at high temperatures. We also plot the general expression 
of various QTF for the entire temperature regime by numerically evaluating equation 
(24). 

With this preceding background, we organize the rest of the paper as follows. In 
section II, we describe our model and the method of deriving free energy of the system. 
Section III is devoted to derive various thermodynamic functions (such as entropy, inter- 
nal energy, specific heat) for the low temperature as well as high temperature regime for 
the Ohmic heat bath. On the other hand, we derive QTF for the single relaxation time 
and blackbody radiation heat bath in section IV. Zero temperature results are shown in 
section V. We conclude in section VI. 



2. Model &i Free energy 

The starting point of this section is the generalized Caldeira-Legget system-plus- 
reservoir Hamiltonian for a charged particle of mass 'm' and charge 'e' in a magnetic 
field B in the operator form [8[ [9] : 

H = ^ '-^ + V(r) + y + -m,uj^(q, - ^f) , (1) 

where {r,p} and {(lj,Pj} are the sets of co-ordinate and momentum operators of system 
and bath oscillators. They follow the following commutation relations 

[ra,Pl3] = ih6ap, [qia,Pjp] = ih6ij6al3, (2) 

where Greek indices a, (3 stand for three spatial directions. Eliminating the bath 
degrees of freedom by the Heisenberg equations of motion one can obtain the generalized 
quantum Langevin equation (GQLE) [Ml [36]: 

mf + r dt'-i{t-t')'f(t') --'f X B + VV{f) =e{t), (3) 

J —00 c 

where dot denotes differentiation with respect to time t. The effect of the magnetic field 
is solely represented by the quantum version of the Lorentz force (third term in Eq. 
(3)). The memory kernel 7(t) and the operator valued random force 6{t) are unaffected 
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by the magnetic field. In this work, we consider the confining potential to be harmonic 
for which an exact analysis is possible. It is now possible to represent nonequal time 
anticommutator and commutator of 6{t) as follows: 

{{Ut), e^it')}) = r duJiu) coth (^) cos[uit - t% (4) 

{[Ut),Op{t')]) = 5^p^ r duJ{u)sinu{t-t'), (5) 



TT 

where (3 = is the inverse temperature. The memory kernel is given by 

7(t) = / rfw^^cos(tut). (6) 

mix Jo to 

In equations (4)-(6), J{uj) denotes the spectral density function of the heat bath 
oscillators and is given by : 

N ^2 
j = l J 3 

We are interested in investigating thermodynamic behaviour of a dissipative charged 
magneto-oscillator at an arbitrary temperature. One can easily determine the free 
energy for this model system by using the remarkable formula [35] 

1 1"°^ r d / \i 

F = - dujfiuo, T)Q — In ( det aicu + zO+) ) , (8) 
71 Jo '-du ^ ' ^ 

where f{uj,T) is the free energy of a single oscillator of frequency u and is given by 

/(u;,T) = fc^Tlog [l - exp(-^)], (9) 

where we have ignored the zero-point contribution which is discussed in section V. Here 
a{u) denotes the generalized susceptibility of the model system. Since all the results 
presented in this paper rely on this remarkable formula, it is the cornerstone of the 
paper. So, we are giving a sketch of the way of deriving this notable formula. It is 
known that the free enrgy ascribed to the magneto-oscillator, F(T,B), is the free energy 
of the magneto-oscillator coupled to the heat bath minus the free energy of the bath 
in the absence of the magneto-oscillator. To derive this free energy one can follow the 
following method. Using Fourier transform one can rewrite equation (3) as follows : 

f{uj) = a{uj)e{uj), (10) 

where, f{uj) and 0{u) are the Fourier transform of the operators r{t) and 9{t) respectively. 
Now, it can be easily shown that a{uj) have poles on the real axis at the normal mode 
frequencies, ojj, of the interacting system and zeroes at the bath frequencies, Ui, in the 
absence of the charged magneto oscillator. Therefore, one can write 

a{uj} = „ , 2 (1^) 
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where the numerator is the product over normal modes of the free bath oscillators and 
the denominator is the product over those of the interacting system. From the well 
known formula ^^^^^^^ = P(l/x) — iTr6{x), one can show that : 

-^[-^ Ina(cu)] = - '^j) + ^(^ + ^j)] - Jli^i^ - ^i) + + ^»)]- (12) 

When this is put into equation (8), it results : 

F(T, B) = Y: f{Co,, T)-Y: fi^^, T), (13) 

j i 

where, the first sum is clearly the free energy of the interacting system and second that 
of the free bath field. This demonstrates our assertion. Now, we can rewrite Eq. (8) as 
follows [II1[I2]: 

F{T,B) = F{T,0) + AF{T,B), (14) 

where 

F(T,0) = -/ dujf{uj,T)h (15) 



TT Jo 

is the free energy of the oscillator in the absence of the magnetic field, Ji = 
3" -£j\na^^\uj) , a^'^\uj) is the scalar susceptibility in the absence of a magnetic field 
and the correction due to the magnetic field is given by 

AF{T,B) = r dujf{u,T)h, (16) 

TT JO 

where I2 = ^{^-^ In 1 — ^ ^^'^^'^"^ ^ |. The scalar susceptibility for a harmonic oscillator 
in the absence of a magnetic field is given by [HI [12] : 

«^°n^) = --2 i ■ ~f y (17) 

where 

7(cu) = f dt'-i{t')e'^'' . (18) 



We have now all the essential ingredients to calculate thermodynamic functions. Our 
main task is to find free energy F . Then, one can easily derive other thermodynamic 
functions at an arbitrary temperature. Entropy is defined as 

s(r.B)^-^™, (19) 

Internal energy is given by 

U{T,B) = F{T,B) +TS{T,B), (20) 
and specific heat is defined as 

C{T,B)=T^-^^. (21) 

Now, we can proceed for the three popular heat-bath models of our interest which 
are characterized by the following spectral density functions (a) Ohmic heat bath : 
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Figure 1. (color online) Plot of versus dimensionless temperature, for the 

charged magneto-oscillator (red filled circle) and for the free charged oscillator (blue 
filled square) coupled to a Ohmic or SRT heat bath (a) in the low temperature regime 
and (b) in the high temperature regime. To plot this figure, we use ^ = 0.8, ^ — 1.6, 
and ^ = 2.0. 



7(u;) 



7o, (b) single relaxation time : 7(c<j) = 73^37, and (c) blackbody radiation : 
3c^(lj+in) ' '^here 70 is the Ohmic friction constant, while r is the relaxation time. 
Usually r is small i.e. r << ^. Q is the high frequency cut-off characterizing electron 
form factor for blackbody radiation model. One can easily express a^^^{cu) for all the 
three cases by a single expression 



uj + iQ 



m{uj + iQ'){ujQ — LO^ — i'-fuj) 



(22) 



Following Ford and O'Connell, one can write r 



n 



1 



70 
m 



— = U, 



2 n' 



0O'+7 

represented by r 



for the single relaxation time model [38] 



0, 



70 

m 



7 and 



K 

m 



^'+7' m ~ 7 (f2'+7)2 ' 

The Ohmic model can be 
On the other hand, for the blackbody 



2 



0Q'+7' m 



where 



radiation heat bath or QED model, ^ = 

m is the bare mass and M = m + is the renormalized mass. In the largest value of 
cut-off limit (fi' ^ 00), m = 0, = M^l and ^ = where = gff^ = 6 x IQ-^^'s. 
With the general form of a^^\uj) (Eq. 22) one can write free energy as follows 



FiT.B) 



TT 
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TT JO 
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(23) 



where ui 

2 \ 2 J 



^0 - T' ^1 



7 I / b~a 
2 V 2 



^1; and 6 



2 V 2 







7 




2 





+ (^) ^1*' and VLl are 



Quantum thermodynamics of a charged magneto-oscillator coupled to a heat bath. 



7 




0.1 0.15 

27TkBT/htOQ 




2jTkBT/htOQ 



Figure 2. (color online) Plot of versus dimensionless temperature, for the 

charged magneto-oscillator (red filled circle) and for the free charged oscillator (blue 
filled square) coupled to a Ohmic or SRT heat bath (a) in the low temperature regime 
and (b) in the high temperature regime. To plot this figure, we use ^ = 0.8, ^ — 1.6, 
and ^ = 2.0. 
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Figure 3. (color online) Plot of versus dimensionless temperature, ^j^^, for the 
charged magneto-oscillator (red filled circle) and for the free charged oscillator (blue 
filled square) coupled to a Ohmic or SRT heat bath (a) in the low temperature regime 
and (b) in the high temperature regime. To plot this figure, we use ^ = 0.8, ^ = 1.6, 
and ^ = 2.0. 



complex conjugate of ui, Qi and respectively and Uc = cB/mc is the cyclotron 
frequency. One can rewrite Eq. (23) in terms of Stieltjes function {J{z)) as follows : 



F{T, B) = 3kBT 



+/( 



2T:kBT 



2'nkBT 



27ikBT 



w( 



2TTkBT 



kBT 



2'KkBT 



2-nkBT' 

\ nn* 



2'KkBT 



(24) 
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Figure 4. (color online) Plot of versus dimensionless temperature, for the 

charged magneto-oscillator (red filled circle) and for the free charged oscillator (blue 
filled square) coupled to a Ohmic or SRT heat bath (a) in the low temperature regime 
and (b) in the high temperature regime. To plot this figure, we use ^ = 0.8, ^ — 1.6, 
and ^ = 2.0. 
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Figure 5. (color online) Plot of (a) J^, (b)-^, (c)-^, and (d)-^, versus dimensionless 
temperature, ^j^^^, for the charged magneto-oscillator coupled to a Ohmic heat bath 
in the low temperature regime for different values of dissipation parameter, 7, blue filled 
square (7/0-10 = 0.25), red filled circle (7/wo = 0.5), pink upward triangle (7/wo = 0.75) 
and black dowanward triangle (7/wo — 1.0). To plot this figure, we also use ^ — 2.0. 



where Stieltjes J function is given by [39] 

JW = -if *l,>(l-e-)^. (25) 
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Figure 6. (color online) Plot of (a) J^, (b)-^, (c)^, and (d)^, versus dimensionless 
temperature, ^j^^, for the charged magneto-oscillator coupled to a radiation heat 
bath in the low temperature regime for different values of dissipation parameter, 7, 
blue filled square (7/wo = 0.25), red filled circle {j/wq — 0.5), pink upward triangle 
(7/cjo — 0.75) and black dowanward triangle {j/ujo — l-O). To plot this figure, we also 
use ^ = 2.0. 



Now, we have all the ingredients to calculate the thermodynamic functions for the 
charged magneto-oscillator in contact with a heat bath. In the next section, we discuss 
about the Ohmic heat bath model. 



3. Ohmic Model 



In this section, we discuss the QTF of the charged magneto-oscillator in contact with a 
Ohmic heat bath in the low temperature as well as high temperature regime. For the 
Ohmic model, fl —>■ 00, r — > 0, — 



7, — ujn and hence 

I'm U 



F(T, B)= - keT 
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3.1. Low-temperature expansion (kBT << Huq) 

In the low-temperature case, we use the asymptotic expansion for J{z) 

00 77 



1 



n=0 



(2n+ l)(2n + 2) ;z2n+i ^ 



(26) 



(27) 
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Figure 7. (color online) Plot of (a) J^, (b)-^, (c)^, and (d)^, versus dimensionless 
temperature, ^j^^^, for the charged magneto-oscillator coupled to a Ohmic heat bath 
in the high temperature regime for different values of dissipation parameter, 7, red 
filled circle (7/0^0 = 0.25), blue filled square {j/ljq = 0.5), pink upward triangle 
(7/cjo — 0.75) and black dowanward triangle {j/wq — 1.0). To plot this figure, we also 
use ^ = 2.0 



expansion, the free energy becomes : 



F{T,B)= - 



+ 



+ 



(Ai + A2 + As) 



87r5(A;BT)6(5i + fig + ^3 



+ .. 



where Ai = ^{3iji--f^), A2 = (SrfAi-A?), A3 
B2 = {XI - lOAfr? + 5X,T\), B, = {X I - 

Xi^2 = 2 \/^^' ^1.2 = 7 i y^2(6 — a). Entropy can be written as 



{2t 



-- (3r^A2-Ai), B, = 7(5a;o'-57'^o'+7!) 
lOAr^ + SAsF^), Ti 2 



i£c_ _|_ / b+a . 
2 V 2 ' 



5(T, E) = fcs 



+ 



-{Ai + A2 + A3 



167i'{kBTf{B, + B2 + B3) 

~'~ 5, ,10 ~'~ 



Internal energy can be written as follows : 
U{T,B) 



(29) 



7r{kBTy^ ^ Ti\kBTf{Ar + A2 + A3) 



A07T'{kBT)'{B^ + B2 + B3) 



(30) 
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Figure 8. (color online) Plot of (a) J^, (b)-^, (c)^, and (d)^, versus dimensionless 
temperature, ^j^^, for the charged magneto-oscillator coupled to a radiation heat 
bath in the high temperature regime for different values of dissipation parameter, 7, 
red filled circle {j/ujq = 0.25), blue filled square ("f/cuQ = 0.5), pink upward triangle 
{j/wq — 0.75) and black dowanward triangle {j/ujq — 1.0). To plot this figure, we also 
use ^ = 2.0 



Finally, specific heat of the system is given by 



C{T,B) = kB 



hujl 



+ 



lQ7:\kBTf{Bi + B2 + B^) 
3.2. High-temperature expansion (ksT » Tiujq) 

In the high temperature regime, we use the small arguement expansion for J{z) : 
J{z) = 



(31) 



11 °° i-lYCin\ 

- ln(2vr) - + ) Inz + (1 - 7^)^ + ^ ^^AU^", (32) 

^ ^ n=2 ^ 

where 7^; = 0.577215 is Euler's constant and C,{n) is the Riemann Zeta function. Using 
Eq. (32), one can write down the free energy of the system in the high temperature 
regime as follows: 

'keT^ 



F{T,B) = -3kBT\n 



huJn 



3/17 /27rA;sT 
m 



-^^-2A;^T[f:(-l) 

^ n=2 



27T 



huJn 



huj[ 3/17(1 -7b) 

-(f)- - 



TT 



271 



n 



(2^) (tan(n0) + 2tan(n^)) 



(33) 
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Figure 9. (color online) Plot of (a) J^, (b)-^, (c)'^, and (d)-^, versus dimensionless 
temperature, ^j^^^, for the charged magneto-oscillator coupled to a Ohmic heat bath 
in the low temperature regime for different values of cyclotron frequency, ujc, red 
filled circle (wc/wq = 0.25), blue filled square {lOc/ujo = 0.5), pink upward triangle 
(ujc/^o ~ 0.75) and black dowanward triangle {uJc/ojq — 1.0). To plot this figure, we 
also use — 0.8. 



where 6 = tan ^ P, P = = tan ^(^), and uj[ = ^ujq — The entropy is 

given by 

. 3..(.|I . 1) - 4..|,-1)»M^(^)"U„(„.) 

.||--.|(-:,.<Ii^(Jg,)%.,„,,. (34, 

On the other hand, internal energy is given by 

3/17 /2TTkBT\ h^'i , 3^77£; 2huJc 



2tX ^ huJQ -^77 27r TT 

-AkBTj2{-ir^ ^^(-— — ) tann(/) 



00 



8*BTi:(-l)"%l(-|^)"ta„(„,), (35) 



~2 ^27rA;^T 
Finally, specific heat is given by 



c(r,B)^3.«-|l + 4.«|(-ir(„-i)c(„)(^ 



tanfnfc 



00 t 
2^BE(-ir(^-l)CH(^;^)"Wn0). (36) 



n=2 
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Figure 10. (color online) Plot of (a) -gjj-, (b)-gjj-, (c)^^, and (d)^, versus 
dimensionless temperature, ^j^^, for the charged magneto-oscillator coupled to a 
radiation heat bath in the low temperature regime for different values of cyclotron 
frequency, lOc, red filled circle {lOc/loo = 0.25), blue filled square {lOc/loq = 0.5), pink 
upward triangle (uJc/loo = 0.75) and black dowanward triangle (wc/^o = 1-0). To plot 
this figure, we also use — = 0.8. 



4. Single relaxation time and QED model 



Free energy for the single relaxation time and QED model is given by 



F(T, B) = FohmUT, B) + 3A;bT 



J 



(37) 



As Q and Q' are always large compared with ksT, so retaining only the first term of 
the low temperature expansion of J{z); one can write 



F{T, B) = FohmiciT, B) 



-^{kBTffl 1 



(3^ 



2h n'- 

For single relaxation time model, ^ = ^^7^ and Q' » •y. Hence, the second term in 
Eq. (38) is negligibly small and 

Fsrt{T, B) ~ {T,B), (39) 

where subscript SRT stands for single relaxation time. On the other hand, for QED, 
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(40) 
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Figure 11. (color online) Plot of (a) J^, (b)-^, (c)^^, and (d)^, versus 
dimensionless temperature, ^j^^, for the charged magneto-oscillator coupled to a 
Ohmic heat bath in the high temperature regime for different values of cyclotron 
frequency, lOc, red filled circle {lOc/loo = 0.25), blue filled square {lOc/loq = 0.5), pink 
upward triangle (uJc/loo = 0.75) and black dowanward triangle (wc/^o = 1.0). To plot 
this figure, we also use — = 0.8. 



4-1. QED : Low temperature expansion (ksT « huo^) 
Using the low temperature expansion of J{z), one can obtain 



QED 



{T,B) 



7r^{kBTy{Ai + A2 + As 



(41) 



The leading term in the expansion of Fohmic{T, B) exactly cancels the second term in 
Eq. (40) and hence, the leading term is the O(T^). Entropy of the system is given by 

^ATi\kBTf{A^ + A2 + A:,) 



Sqed{T,B) = ks 



Internal energy is given by 
[/Qsz)(T,i?) = 



lQr\kBTf{B, + B^ + B^) 



■K\kBT)\A^ + A2 + A^) 
8TT^ikBT)%B, + B2 + B,) 



(42) 



(43) 



Finally, specific heat of the system is given by 
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Figure 12. (color online) Plot of (a) 



F 

Eo 



(b)£ 



(c)^, and (d) 



c 



versus 



dimensionless temperature, for the charged magneto-oscillator coupled to a 

radiation heat bath in the high temperature regime for different values of cyclotron 
frequency, ujc, red filled circle (wc/wo = 0.25), blue filled square {ujc/^a = 0.5), pink 
upward triangle (wc/wq = 0.75) and black dowanward triangle {lOc/luq = 1.0). To plot 
this figure, we also use — = 0.8. 
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Figure 13. (color online) Plot of versus dimensionless temperature, ^j^;^, for the 
charged magneto-oscillator (red filled circle) and for the free charged oscillator (blue 
filled square) coupled to a blackbody radiation heat bath (a) in the low temperature 
regime and (b) in the high temperature regime. To plot this figure, we use ^ = 0.8, 
^ = 1.6, and ^ = 2.0. 



CQED{T,B) = kB 



ATi^ikBTfiAi + A2 + As) 
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(44) 
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Figure 14. (color online) Plot of versus dimensionless temperature, for the 

charged magneto-oscillator (red filled circle) and for the free charged oscillator (blue 
filled square) coupled to a blackbody radiation heat bath (a) in the low temperature 
regime and (b) in the high temperature regime. To plot this figure, we use — = 0.8, 
^ = 1.6, and ^ = 2.0. 
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Figure 15. (color online) Plot of versus dimensionless temperature, ^j^^, for the 
charged magneto-oscillator (red filled circle) and for the free charged oscillator (blue 
filled square) coupled to a blackbody radiation heat bath (a) in the low temperature 
regime and (b) in the high temperature regime. To plot this figure, we use ^ = 0.8, 
^ = 1.6, and ^ 2.0. 



4-2. QED : High temperature expansion (ksT » huo) 

In this subsection, the high temperature thermodynamic propertis for the QED model 
are discussed in details. One can show that free energy for this model is 



QED 



iT,B) 



pHT 

Ohiriic 



(45) 



where Fq^^^^ is the high temperature free energy for the Ohmic model (Eq. 33). Entropy 
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Figure 16. (color online)Plot of versus dimensionless temperature, for the 

charged magneto-oscillator (red filled circle) and for the free charged oscillator (blue 
filled square) coupled to a blackbody radiation heat bath (a) in the low temperature 
regime and (b) in the high temperature regime. To plot this figure, we use — = 0.8, 
^ = 1.6, and ^ = 2.0. 



in the high temperature regime is given by 

Sqed{T, B) = SgLdT, B) - (46) 





HT 



where, the high temperature specific heat for the Ohmic model {Sq^^^^JJ^, B)) is given 
by equation (34). Internal energy of the system is given by 



Uqed{T, B) = USL,,{T, B) - ^^1^, (47) 

where Uq^^^^{T, B) is given by equation (35). Finally, specific heat of the system in the 
high temperature regime for the QED model is given by 

Cqed{T, B) = CohmiciT, B) ^2^' (^^) 

and Cohmic(J'y B) is the specific heat for the Ohmic model in the high temperature 
regime (see equation 36). 

To explicitly demonstrate the distinguishing behaviour of different thermodynamic 
functions for three different heat bath models, we plot different thermodynamic 
quantities as a function of dimensionless temperature (^^^) in different figures for 
the low temperature regime as well as for the high temperature regime. The results for 
different values of dissipation, 7, as well as for different values of tUc, are also analyzed 
here. We compare our results for various QTF of a charged magneto-oscillator with that 
of a free oscillator. From our analysis, one can conclude that the qualitative behaviour 
of different QTF for the charged magneto-oscillator in the high temperature regime is 
same as that of a free oscillator. Even, the quantitative values do not differ much from 
each other in the high temperature regime (see figures l(b)-4(b) and figures 13(b)-16(b) 
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Figure 17. (color online) Plot of (a) J^, (b)-^, (c)^^, and (d)^, versus 
dimensionless temperature, ^j^^, for the charged magneto-oscillator coupled to a 
Ohmic heat bath for the entire temperature regime with different values of dissipation 
parameter, 7, red filled circle {j/ujo = 0.4), blue filled square (7/1^0 = 0.8), pink 
upward triangle (7/wo = 1-2). To plot this figure, we also use ^ = 0.5. 
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Figure 18. (color online) Plot of (a) J^, (b)-^, (c)-^, and (d)-^, versus 
dimensionless temperature, ^j^^, for the charged magneto-oscillator coupled to a 
Ohmic heat bath for the entire temperature regime with different values of cyclotron 
frequency, Wc, red filled circle {lJc/ljo ~ 0.25), blue filled square (wc/i^o = 0.5), pink 
upward triangle (lJc/loq — 0.75). To plot this figure, we also use — 1.0. 



). In the low temperature regime, the free energy of the charged magneto-oscillator 
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decays faster than that of the free oscillator for the Ohmic heat bath as well as for 
the QED model. On the other hand, the other QTF like internal energy [U), entropy 
{S), and specific heat (C) for the magneto-oscillator rises faster than that of the free 
oscillator in the low temperature regime (see figures l(a)-4(a) and figures 13 (a)- 16 (a)). 
It has been observed that lOc and 7 affect different QTF in the opposite manner. In the 
low temperature regime, U, S and C rise and F decays much faster for higher values of 
7 (see figure (5) and figure (6)) whereas they (f/, 5* and C) rise or F decays much faster 
for lower values of Uc (see figure (9) and figure (10)). In the high temperature regime, 
different QTF do not vary much for different values of Uc (see figure (11) and figure 
(12)). But, the effect of different values of dissipation parameter, 7, is pronounced in 
the high temperature regime also. In this regime, U, S and C rise and F decays much 
faster for higher values of 7 (see figure (7) and figure (8)). 

We also plot general result for different quantum thermodynamic functions for the entire 
temperature regime by using equation (24) which is expressed in terms of Stieltjes J 
function (see figure (17) and figure(18)). For the numerical computation, we use the 
Lanczos formula for the Stieltjes J function [?, UT| : 



J{z) = {z+l-) In ' + ^^ + ^/^ _ _ 1/2 + In k + E ^1 , > 0, (49) 

2 z ^ ^-^z + ni 

where iV = 6, 71 = 5, rfo = 1.00, di = 76.18, c/2 = -86.51, c/3 = 24.01, d^ = -1.23, 
d^ = 0.001, and de = 0.0. It is seen that both at very high temperatures and at very low 
temperatures, the numerical results fairly match with the analytical expressions. Also, 
it is seen that the effect of dissipation parameter is pronounced in the entire temperature 
regime of our interest. 



5. Zero point energy 



For the sake of completeness, we are giving here zero point energy contribution of the 
charged magneto oscillator for the above mentioned three popular heat bath models. It 
is known that free energy F = U+TS. Hence, the zero-point free energy is identical with 
zero-point energy. The zero-point free energy is obtained by replacing f{uj,T) 
Eq. (11) and in Eq. (12). Thus, 



2tt 



3(jl\n^l — In — uji In uji — ujI In ujI — fii In 

- ^]*ln^]* - ^2 infi2 - ln^^; . 

For single relaxation time model, the zero point free energy becomes 

F(0, B) = ^ hiiVt' + 7) ln(fi' + 7) - fi' In U') - 7 In 0^0 + M tan'^ f ^ 

/TT L V / 7 



2ti 

-Ai + r^) - A2 H\l + Vl) + 2ri tan-i i^) + 212 tan"! 

^ Ai ^ ^ Ao 



^ in 



(50) 



(51) 
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On the other hand, the zero point 



where Ai,2 = i ± (^)% and Ti.s = f ± 
contribution in the free energy for the Ohmic model is given by 

n 



F{0,B) = — [37(l-ln(cuor)) +27lncJo- Ailn(A2 + r2) -A2ln(A: 
+ Iuj'y tan 



-i^2'^^V2ritan-i (^)+2r2tan-i (^^) 



7 



Finally, the zero point free energy for the QED model is given by 



F(0,i?) = -f3|(^^) ln( 



InQ'} 



- Ai ln(A? + r^) - A2 ln(A2 + T^) + tan'^ ( 

r r 

+ 2ri tan-^ (-i) + 2r2 tan"^ (-^) - 7 In cjq 



1/2^1 



7 



(52) 



(53) 



6. Conclusions 



Recent observations have suggested that small quantum systems are particularly sen- 
sitive to environmental effects [TU [15]. Dissipation and fluctuation effects often play 
a crucial role on the behaviour of such small systems. The influence of an external 
magnetic field on such small systems like quantum dots, quantum wires, and two di- 
mensional electronic systems are of great interest in the fields of nanostructures. This 
fact has led to motivate us to study the quantum thermodynamic behaviour of a charged 
magneto-oscillator in an arbitrary heat bath at arbitrary temperature. Results for both 
high temperature and low temperature are shown explicitly in this paper. 

We use the "remarkable formula" of Ford et al |35] for the free energy of the charged 
magneto-oscillator which involves single integral. This is an exact results for the free en- 
rgy of a charged magneto-oscillator which takes into account interaction effects. Starting 
form this remarkable formula, we calculate several thermodynamic functions like free 
energy, entropy, internal energy, and specific heat for three different popular models like 
Ohmic, single relaxation time, and radiation heat bath or QED model. Explicit results 
are presented for the high temperature as well as for low temperatures. The central 
result of this analysis is that the qualitative behaviour as well as quantitative values 
of different thermodynamic quantities for the charged magneto oscillator differs from 
that of the free oscillator in the low temperature regime. The effect of lOc and 7 are 
also investigated. They affect the rising or decay behaviour of different QTF just in the 
opposite manner to each other in the low temperature regime. In the high temperature 
regime, the effect of lOc is not so significant. On the other hand, the effect of differ- 
ent 7 on the rising or decaying behaviour of different QTF is significant even in the 
high temperature regime. We have also shown the general results of various QTF by 
numerically evaluating equation (24). The numerical results obtained from the general 
expression fairly matches with the analytical expressions in the two limits of very high 
temperatures and very low temperatures. The experimentalist can make an estimation 
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of change in values of different QTF from our study. 

The apphcation of this kind of analysis is manifold. Recent nanofabrication allows 
to create very small systems of few atoms in which environmental effects play an im- 
portant role. This analysis is helpful in understanding environmental effects on small 
systems [7j. The effect of magnetic field on the properties of two-dimensional quan- 
tum system in contact with a quantum heat bath is of great importance in the field 
of nanophysics [l2], quantum information theory [191 1201 [21], [22], atomic and nuclear 
physics O [6]. In that sense, our study will be helpful in analyzing different thermo- 
dynamic properties of small quantum systems like quantum dots, quantum wires, two 
dimensional electronic systems in contact with a heat bath in the presence of a con- 
stant magnetic field. Recently Jordan and Biittiker discussed about the entanglement 
energetics of quantum system at zero temperature [43]. So, following our method one 
can think of extending the study of entanglement enrgetics at finite temperature in the 
presence of an external magnetic field. Also Ratchov et al discussed about decrease in 
coherence length of Aharonov-Bohm like interferrometer due to the interaction with a 
zero temperature environment. Again, one can think of extending this work by following 
the method used in this paper for the finite temperature analysis [11|. Apart from that, 
one can think of another area in which thermodynamics plays a crucial role. Follow- 
ing the previous research of several authors [l5l [HI [17], one can think of developing 
microscopic theory for the entropy of black holes. Thus, it is worthwhile to apply this 
approach to the study of thermodynamic properties of black holes. 

References 

[1] B. L. Altshuler, P. A. Lee, and R. A. Webb, Mesoscopic Phenomena in Solids, Elsevier, New York, 
(1991). 

[2] T. M. Hong and J. M. Wheatley, Diamagnetism in the dissipative regime, Phys. Rev. B 43, 5702 
(1991); Corrections to the Hall mobility, Phys. Rev. B 42, 6492 (1990). 

[3] J. H. Van Vleck, The Theory of Electric and Magnetic Susceptibilities Oxford University Press, 
London, (1932); L. D. Landau and E. M. Lifshitz, Statistical Physics, Pergamon Press, Oxford, 
(1959). 

[4] Malay Bandyopadhyay and Sushanta Dattagupta, Landau - Drude diamagnetism: fluctuation, 
dissipation and decoherence. Journal of Physics Condensed Matter 18, 10029 (2006); Dissipative 
Diamagnetism - A Case Study for Equilibrium and Nonequilibrium Statistical Mechanics, J. Stat. 
Phys. 123, 1273 (2006). 

[5] V. L. Ginzburg and A. V. Gurevich, Usp. Fiz. Nauk 70, 201 (1960). 

[6] H. Friedrich and D. Wintgen, The hydrogen atom in a uniform magnetic field -An example of 
chaos, Phys. Rep. 183, 37 (1989); A. HoUe, J. Main, G. Wiebusch, H. Rottke, and K. H. Welge, 
Quasi - Landau Spectrum of the Chaotic Diamagnetic Hydrogen Atom, Phys. Rev. Lett. 61, 161 
(1988). 

[7] L. Jacak, P. Hawrylak, and A. Wojs, Quantum Dots, Springer- Verlag, Berlin, (1997); W. D. Heiss 
and R. G. Nazmitdinov, Simple shell model for quantum dots in a tilted magnetic field, Phys. 
Rev. B 55, 16310 (1997); M. Dineykhan and R. G. Nazmitdinov, Two-electron quantum dot 
in a magnetic field: Analytical results, Phys. Rev. B 55, 13707 (1997); Sh. A. Kalandarov, 



Quantum thermodynamics of a charged magneto-oscillator coupled to a heat bath. 22 

Z. Kanokov, G. G. Adamian, and N. V. Antonenkol, Influence of external magnetic field on 
dynamics of open quantum systems, Phys. Rev. E 75, 031115 (2007). 
[8] A. O. Caldeira and A. J. Leggett, Quantum tunnelling in a dissipative system, Ann. Phys. (N.Y.) 
149, 374 (1984). 

[9] A. O. Caldeira and A. J. Lcggctt. Path integral approach to quantum Brownian motion, Physica 

(Amsterdam) 121A, 587 (1993). 
[10] A. J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A. Fisher, and A. Garg, Dynamics of the 

dissipative two-state system. Rev. Mod. Phys. 59, 1 (1987). 
[11] X. L. Li, G. W. Ford, and R. F. OConncU, Magnetic-field effects on the motion of a charged 

particle in a heat bath, Phys. Rev. A 41, 5287 (1990). 
[12] X. L. Li, G. W. Ford, and R. F. OConnell, Charged oscillator in a heat bath in the presence of a 

magnetic field, Phys. Rev. A 42, 4519 (1990). 
[13] H. Grabert, P. Schramm, and G. Ingold, Quantum Brownian motion: The functional integral 

approach, Phys. Rep. 168, 115 (1988); U. Weiss, Quantum Dissipative Systems, World Scientific, 

(1999). 

[14] G. Grinstein, and G. Mazenko (Eds.), Directions in Condensed Matter Physics, World Scientific 
Press, Singapore, (1986). 

[15] S. Datta, electronic Transport in Mesoscopic Systems, Cambridge University Press, Cambridge, 
(1977). 

[16] Y. Imry, Introduction to Mesoscopic Physics, Oxford University Press, Oxford, (1997). 

[17] S. Chakravarty, and A Schmid, Weak localization: The quasiclassical theory of electrons in a 

random potential, Phys. Rep. I40, 193 (1986). 
[18] P. A. Lee and T. V. Ramakrishnan, Disordered electronic systems. Rev. Mod. Phys. 57, 287 (1985). 
[19] C. H. Bennett, Quantum Information and Computation, Phys. Today 48 (10), 24 (1995). 
[20] A. Zeilinger, The quantum centennial. Nature 4O8, 639 (2000); Quantum entangled bits step closer 

to information technology. Science 289, 405 (2000). 
[21] D. Giulini, E. Joos, C. Kiefer, J. Kupischg, I. O. Stamatescu, H. D. Zeh, Decoherence and the 

Appearence of a Classical World in Quantum Theory, Springer, New York, (1996) 
[22] C. J. Myatt, B. E. King, Q. A. Turchette, C. A. Sackett, D. Kielpinski, W. M. Itano, C. Monroe, D. 

J. Wincland, Decoherence of quantum superpositions through coupling to engineered reservoirs. 

Nature 403, 269 (2000). 

[23] V. Capek and D. P. Sheehan, Challenges to the Second Law of Thermodynamics, Springer, 
Netherlands (2005). 

[24] V. Shicka and T. Nicuwcnhuizcn, Proceedings of the conference on Frontiers of Quantum and 

Mesoscopic Thermodynamics, Physica E 29, 1 (2005). 
[25] D. P. Sheehan, Quantum Limits to the Second Law : First International Conference on Quantum 

Limits to the Second Law, AIP Conference Proceedings 643, 1 (2002). 
[26] Th. M. Nieuwenhuizen and A. E. AUahverdyan, Statistical thermodynamics of quantum Brownian 

motion: Construction of porpetuam mobile of the second kind, Phys. Rev. E 66, 036102 (2002). 
[27] P. Hanggi and G. -L. Ingold, Quantum Brownian motion and the third law of thermodynamics. 

Acta Physica Polonica B 37, 15371550 (2006). 
[28] P. Honggi and G. -L. Ingold, Fundamental aspects of quantum Brownian motion. Chaos 15, 026105 

(2005). 

[29] P. Hanggi, G. -L. Ingold, and P. Talkncr, Finite quantum dissipation : the challenge of obtaining 

specific heat, N. J. Phys. 10, 115008 (2008). 
[30] G. W. Ford and R. F. O'Connell, Entropy of a quantum oscillator coupled to a heat bath and 

implications for quantum thermodynamics, Physica E 29, 82 (2005). 
[31] I. Kim and G. Mahler, The second law of thcrmodynamicsin the quantum Brownian oscillator at 

an arbitrary temperature, Eur. Phys. J. B 60, 401 (2007). 
[32] I. Kim and G. Mahler, Quantum Brownian motion and the second law of thermodynamics, Eur. 

Phys. J. B 54, 405 (2006). 



Quantum thermodynamics of a charged magneto- oscillator coupled to a heat bath. 



23 



C. Y. Yang and Jing-Dong Bao, The Third Law of Quantum Thermodynamics in the Presence of 

Anomalous Couphngs, Chinese Phys. Lett. 25, 429 (2008). 
M. Bandyopadhyay, Charged osciUator in a heat bath in the presence of a magnetic field & third 

law of thermodynamics, larXiv:0804."0290l (2008). 
G. W. Ford, J. T. Lewis, and R. F. O'Connell, Quantum oscillator in a blackbody radiation field 
IL Direct calculation of the energy using the fluctuation-dissipation theorem, Ann. Phys. 185, 
270 (1988). 

G. W. Ford, J. T. Lewis, and R. F. OConnell, Quantum Langevin equation, Phys. Rev. A 37, 44f 9 
(1988). 

X. L. Li, G. W. Ford, and R. F. OConnell, Energy balance for a dissipative system, Phys. Rev. E 
48, 1547 (1993). 

G. W. Ford and R. F. OConnell, Quantum thermodynamic functions for an oscillator coupled to 
a heat bath, Phys. Rev. B 75, 134301 (2007). 

H. S. WaU, Continued Fractions, New York, (1948). 
C. Lanczos, SIAM, J. Numer. Anal. 1, 86 (1964). 

W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vettering, Numerical Recipes, 2nd ed. 

(Cambridge University Press, Cambridge, England, 1992). 
J. L. Garcia-Palacios, On the statics and dynamics of magnetoanisotropic nanoparticles. Adv. 

Chem. Phys. 1, 112 (2000). 
A. N. Jordan and M. B-iittiker, Entanglement Energetics at Zero Temperature, Phys. Rev. Lett. 92, 
247901 (2004); M. Biittiker and A. N. Jordan, Ground state entanglement energetics, Physica 
E 29, 272 (2005). 

A. Ratchov, F. Faure, and F. W. J. Hekking, Loss of quantum coherence in a system coupled to 

a zero-temperature environment, Eur. Phys. J. B 46, 519 (2005). 
J. D. Bakenstein, Black-hole thermodynamics, Phys. Today 33 (1), 24 (1980). 
L. BombcUi, R. K. Koul, J. Lee and R. D. Sorkin, Quantum source of entropy for black holes, 
Phys. Rev. D 34, 373 (1986). 
[47] M. Srednicki, Entropy and area, Phys. Rev. Lett. 71, 666 (1993). 



